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A division ring D is weakly locally ﬁnite if for every ﬁnite subset S
of D the division subring of D generated by S is centrally ﬁnite.
We previously introduced this notion [Bui Xuan Hai, Mai Hoang
Bien, Trinh Thanh Deo, On linear groups over weakly locally ﬁnite
division rings, Algebra Colloq., in press] and proved that the class
of weakly locally ﬁnite division rings strictly contains the class
of locally ﬁnite division rings. In this paper, for a weakly locally
ﬁnite division ring D , we investigate the structure of maximal
subgroups of GLn(D) that are radical over the center of D . Our
results generalize previous results pertaining to the centrally ﬁnite
case.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Let D be a division ring with center F . Recall that D is centrally ﬁnite or centrally inﬁnite if D is
a ﬁnite or inﬁnite dimensional vector space over F , respectively. D is locally ﬁnite if for every ﬁnite
subset S of D the division subring of D generated by S over F is a ﬁnite dimensional vector space
over F . It can be proved that any division subring of a centrally ﬁnite division ring is itself centrally
ﬁnite. Using this fact, it is easy to prove that in a locally ﬁnite division ring D , any ﬁnite subset S
of D generates a centrally ﬁnite division subring of D . Thus, it is natural to introduce the following
notion [6].
Deﬁnition 1.1. A division ring D is called weakly locally ﬁnite if for every ﬁnite subset S of D the
division subring of D generated by S is centrally ﬁnite.
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constructed a weakly locally ﬁnite division ring that is not even algebraic over its center [6]. Here,
our main purpose is to investigate maximal subgroups in GLn(D) for a non-commutative, weakly
locally ﬁnite division ring D . First, we review some previous results that motivated our work. The
ﬁrst problem is to study maximal subgroups in GLn(D), n 1, that are radical over the center F of D .
Let M be such a maximal subgroup of GLn(D). Mahdavi-Hezavehi proved that M is abelian-by-ﬁnite
provided D is centrally ﬁnite [9, Theorem 5]. Here, we consider the more general situation when D
is weakly locally ﬁnite. Theorem 2.8 states that such a subgroup M does not exist for all n  2. For
n = 1, our theorem shows that such a subgroup M must be the multiplicative group of some maximal
subﬁeld K of D that is purely inseparable over F , Char F = p > 0, and [D : F ] = p2. This generalizes
another result by Mahdavi-Hezavehi [10, Theorem 6] in which it is assumed that the division ring D
is centrally ﬁnite and that M contains F ∗; in our theorem, the latter is one of the conclusions.
The second problem is to study maximal subgroups M in GLn(D), n  1, that contain F ∗ and for
which the quotient M/F ∗ is locally ﬁnite. Akbari et al. studied this problem for a centrally ﬁnite
division ring D and their Theorem 11 proves that the center F of D must have the characteristic
p > 0 [1].
In the present paper we consider this problem for an arbitrary non-commutative division ring D .
We do not assume that M contains the center of D , and require that M/M ∩ F ∗ is locally ﬁnite.
Clearly, this condition is weaker than the condition imposed in [1, Theorem 11]. In this situation, we
obtain a more general result in Theorem 2.10: if M is a maximal subgroup of GLn(D), n 1, such that
M/M ∩ F ∗ is locally ﬁnite, then n = 1, Char(F ) = p > 0 and M must be the multiplicative group of
some maximal subﬁeld K of D that is purely inseparable extension over F . Therefore, our result is
a broad generalization of Theorem 11 in [1].
Throughout the paper, for a given ring R , R∗ denotes the group of units of R . For a division ring D ,
we use F and D ′ to denote the center and derived group of D , respectively. For a non-empty subset S ,
we denote by F [S] the subring of Mn(D) generated by S over F . For any group G and any subset X
of G , CG(X) and NG(X) denote the centralizer and normalizer of X in G , respectively. An element x
in Mn(D) is said to be radical over a subring K of Mn(D) if there exists some positive integer n(x)
depending on x such that xn(x) ∈ K . A non-empty subset S of Mn(D) is radical over K if every element
of S is radical over K . Finally, note that the center of Mn(D) is the set F I = {xI: x ∈ F }, where I is
the identity matrix and in the present paper we identify F I with F .
2. Results
Lemma 2.1. If D is a weakly locally ﬁnite division ring, then the center Z(D ′) of D ′ is a torsion group.
Proof. Since D ′ is normal in D∗ , it is easy to show that Z(D ′) = D ′ ∩ F . For any x ∈ Z(D ′), there exists
some positive integer n and some ai,bi ∈ D∗ , 1 i  n, such that
x = a1b1a−11 b−11 a2b2a−12 b−12 · · ·anbna−1n b−1n .
Set S := {ai,bi: 1 i  n}. Since D is weakly locally ﬁnite, the division subring L of D generated
by S is centrally ﬁnite. Let n = [L : Z(L)], where Z(L) is the center of L. Since x ∈ F , x commutes with
every element of S . Therefore, x commutes with every element of L and consequently x ∈ Z(L). Thus,
xn = NL/Z(L)(x) = NL/Z(L)
(
a1b1a
−1
1 b
−1
1 a2b2a
−1
2 b
−1
2 · · ·anbna−1n b−1n
)= 1.
Thus, x is periodic, which completes the proof. 
Theorem 6 in [10] shows that if D is a non-commutative centrally ﬁnite division ring with cen-
ter F and M is a maximal subgroup of D∗ such that M is radical over F , then F ∗  M , M is the
multiplicative group of some maximal subﬁeld K of D , F has the characteristic p > 0, K/F is purely
inseparable, and D has degree p. Here, we consider the same problem for a weakly locally ﬁnite
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that the results obtained in [10, Theorem 6] are also true for weakly locally ﬁnite division rings.
Theorem 2.2. Let D be a non-commutative, weakly locally ﬁnite division ring with center F . If D∗ contains
maximal subgroups that are radical over F , then D is centrally ﬁnite.
Proof. Suppose that [D : F ] = ∞ and M is a maximal subgroup of D∗ that is radical over F . If M ′
is abelian, then M is nilpotent. By [4, Corollary 5], M is abelian. Hence, by [5, Proposition 2.5], L :=
M ∪ {0} is a maximal subﬁeld of D . Since D is non-commutative and M is maximal in D∗ , there
exists some element a ∈ M \ F . By supposition, a is radical over F ; in particular, a is algebraic over F .
Hence, if K = F (a), then m = [K : F ] < ∞. Obviously, L∗ ⊆ CD(K ). Thus, by the maximality of L∗
(= M) in D∗ , it follows that L = CD(K ). By the centralizer theorem [3], we have K = CD(CD(K )) =
CD(L) = L. Hence, [L : F ] = m < ∞. Again by the centralizer theorem, we obtain D ⊗F L ∼= Mm(L).
Now, by [7, 15.8, p. 255], [D : F ] < ∞, which is a contradiction. Therefore, M ′ is non-abelian.
Let G = D ′ ∩M . For each x ∈ G , there exists a positive integer n(x) such that xn(x) ∈ F . It follows that
xn(x) ∈ D ′ ∩ F = Z(D ′). By Lemma 2.1, Z(D ′) is a torsion group, so x is periodic. Thus, G is a torsion
group. Since M ′  G , it follows that M ′ is also a torsion group. Let H be a ﬁnitely generated subgroup
of M ′ . Since D is weakly locally ﬁnite, the division subring L of D generated by H is centrally ﬁnite. If
n := [L : Z(L)], then H can be viewed as a linear torsion group of degree n over the ﬁeld Z(L). Thus,
by [7, 9.9, p. 154], H is ﬁnite. Therefore, M ′ is a locally ﬁnite group.
Case 1: Char F = p > 0.
For any x, y ∈ M ′ , the subgroup H = 〈x, y〉 generated by x, y in M ′ is ﬁnite. Therefore, by [7, 13.3,
p. 215], H is cyclic. In particular, x and y commute with each other; consequently, M ′ is abelian,
which is a contradiction.
Case 2: Char F = 0.
Since M ′ is locally ﬁnite, F [M ′] is a locally ﬁnite dimensional vector space over F . It fol-
lows that F [M ′] = F (M ′). Clearly, M normalizes F [M ′], so M  ND∗(F [M ′]∗). It follows that either
ND∗ (F [M ′]∗) = M or ND∗(F [M ′]∗) = D∗ . If ND∗(F [M ′]∗) = M , then F [M ′] ⊆ M . Therefore, F (a) is rad-
ical over F for any a ∈ M ′ . By applying [7, 15.13, p. 258], we can conclude that M ′ ⊆ F . In particular,
M ′ is abelian, which is a contradiction.
Now suppose that ND∗(F [M ′]∗) = D∗ or, equivalently, that F [M ′]∗ is normal in D∗ . If F [M ′] = D ,
then by the Cartan–Brauer–Hua theorem [7, 13.17, p. 222], F [M ′] ⊆ F , so M ′ is abelian, which is a con-
tradiction. Thus, F [M ′] = D . Since M ′ is locally ﬁnite, by [12, 2.5.5, p. 74], there exists a metabelian
normal subgroup A of ﬁnite index in M ′ . By [12, 2.5.2, p. 73], A contains an abelian normal sub-
group N of ﬁnite index. Thus, N is an abelian subgroup of ﬁnite index in M ′ . Let {c1, c2, . . . , cs}
be a complete set of representative elements of all left cosets of N in M ′ . Then M ′ = ⋃si=1 ciN
and K := F (N) is a ﬁeld. Since D = F [M ′], every x ∈ D can be written in the form x = ∑ki=1 aimi ,
where ai ∈ F , mi ∈ M ′ . Since mi ∈ M ′ , there exists yi ∈ {c1, c2, . . . , cs} and ni ∈ N such that mi = yini .
Therefore, x = ∑ki=1 ai(yini) =
∑k
i=1 yi(aini) ∈
∑s
j=1 c j K . Thus, D =
∑s
j=1 c j K and it follows that[D : K ]r < ∞. Therefore, by [1, Lemma 6], [D : F ] < ∞, which is a contradiction. 
Lemma 2.3. Let D be a non-commutative division ring with center F and suppose that M is a maximal sub-
groups of GLn(D) that is radical over F . If M is metabelian, then the following conditions hold:
i) n = 1,
ii) Char D = p > 0,
iii) [D : F ] = p2 ,
iv) F ∗ ⊆ M,
v) K := M ∪ {0} is a maximal subﬁeld of D, and
vi) K/F is purely inseparable.
Proof. By [4, Theorem 6], M is abelian. Thus, by [1, Corollary 2], K := M ∪ {0} is a maximal sub-
ﬁeld of Mn(D). Clearly, M = F . For a ∈ M \ F , since a is radical over F , we have a ﬁnite ﬁeld
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CMn(D)(F (a))⊗F Mm(F ) and CMn(D)(F (a)) is a simple ring. By the maximality of M in GLn(D), we have
(CMn(D)(F (a)))
∗ = M , so CMn(D)(F (a)) = K . Since K ∗  (CMn(D)(K ))∗  GLn(D) and K ∗ = M is maximal
in GLn(D), it follows that K = CMn(D)(K ). Therefore, F (a) = CMn(D)(CMn(D)(F (a))) = CMn(D)(K ) = K , so
[K : F ] =m. By the centralizer theorem, we obtain Mn(D) ⊗F K ∼= Mm(K ), so [D : F ] < ∞. Therefore,
by [1, Corollary 2], m2 = n2[D : F ].
Recall that F  K and K is radical over F . Hence, by [7, 15.13, p. 258], Char F = p > 0 and either K
is purely inseparable over F or K is algebraic over the prime subﬁeld Fp . By Jacobson’s theorem
[7, 13.11, p. 219], the second case cannot occur. Hence, K is purely inseparable over F . Take a ∈ K \ F
and suppose that t is the minimal positive integer such that ap
t ∈ F . If b = apt−1 , then b ∈ K \ F
and bp − c = 0 for some c ∈ F . Hence, b is a root of the polynomial xp − bp = (x − b)p . It follows
that xp − bp is the minimal polynomial of b over F and consequently [F (b) : F ] = p. Using a similar
argument to that at the beginning of the proof, we conclude that p2 = n2[D : F ]. Since [D : F ] > 1, it
follows that n = 1 and [D : F ] = p2. 
Lemma 2.4. Let F be a ﬁeld and let L be a semisimple Artinian ring such that the center Z(L) of L contains F .
If F ∗ is a non-torsion group and L∗ is radical over F , then L is a ﬁeld.
Proof. By the Wedderburn–Artin theorem, L ∼= Mn1 (D1) × · · · × Mnt (Dt), where Di are division rings
and ni are positive integers. Then Z(L) ∼= F1 × · · · × Ft , where Fi = Z(Di). Since F ⊆ Z(L) and L∗
is radical over F , by Kaplansky’s theorem [7, 15.15, p. 259], it follows that Di = Fi for any i. Since
F ∗ is a non-torsion group, there exists some i such that F ∗i is a non-torsion group. Without loss of
generality, we may assume that F ∗1 is a non-torsion group.
Suppose that t > 1 and u is a non-periodic element from F1. Since (u,1, . . . ,1) ∈ GLn1 (F1) ×· · · × GLnt (Ft) is radical over F , there exists a positive integer m such that (um,1, . . . ,1) ∈ F . There-
fore, (um − 1,0, . . . ,0) = (um,1, . . . ,1) − (1,1, . . . ,1) ∈ F ∗ , which is a contradiction. Hence, t = 1.
Thus, we have L ∼= Mn1 (F1) and F ⊆ Z(L) ∼= F1. If n1 > 1, then for any f ∈ F ∗1 , the diagonal matrix
diag( f ,1, . . . ,1) ∈ GLn1 (F1) is radical over F1 and consequently forces F ∗1 to be a torsion group, which
contradicts our assumption. Therefore, n1 = 1, so L ∼= F1 and the proof is complete. 
Lemma 2.5. Let D be a non-commutative, weakly locally ﬁnite division ring with center F and suppose that
M is an irreducible maximal subgroup of GLn(D) that is radical over F . If N is a locally ﬁnite normal subgroup
of M such that F [N]∗ ⊆ M, then N ⊆ F .
Proof. Assume that F ∗ is a torsion group. Since M is radical over F , it follows that M is also a torsion
group. Consider a ﬁnitely generated subgroup H = 〈A1, A2, . . . , Ak〉 of M and let S denote the set of
all elements in all positions of all matrices Ai and A
−1
i . Since D is weakly locally ﬁnite, the division
subring L of D generated by S is centrally ﬁnite. Then H may be viewed as a linear group of degree
mn over Z(L), where m := [L : Z(L)]. Since H is a torsion group, by [7, 9.9’, p. 154], H is ﬁnite. Thus,
M is a locally ﬁnite group. Therefore, by [1, Theorem 9], D = F , which is a contradiction. Hence, F ∗ is
not a torsion group. Since M normalizes F [N]∗ , by [12, 1.1.15, p. 9], F [N] is semiprime. Moreover,
since N is locally ﬁnite, F [N] is locally Artinian. Therefore, by [12, 1.1.9, p. 5] and [12, 1.2.6a, p. 11],
F [N] is semisimple Artinian. Hence, by Lemma 2.4, F [N] is a ﬁeld.
Suppose that N  F . Then we have a proper ﬁeld extension F  F [N]. Thus, by [7, 15.13, p. 258],
we obtain Char F = p > 0 and either F [N] is purely inseparable over F or F [N] is algebraic over the
prime subﬁeld Fp . Since F ∗ is a non-torsion group, the second case cannot occur. Therefore, F [N] is
purely inseparable over F . Take an element a from N \ F and suppose that t is the minimal positive
integer such that ap
t ∈ F . If b = apt−1 , then bp ∈ F and bk /∈ F for any 0 < k < p. Since N is locally
ﬁnite, there exists the smallest positive integer m such that bm = 1. Let m = ps + r, where 0 r < p.
Then br ∈ F , so r = 0 and consequently m = ps. Now we have bps − 1 = (bs − 1)p = 0, from which it
follows that bs = 1, which is a contradiction. Hence, N ⊆ F . 
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only if Z(D ′) is a torsion group.
Proof. The case n = 1 is clear. Thus, we can assume that n  2. Let F denote the center of D . By
[3, Theorem 1, p. 140], Z(SLn(D)) = {dI | d ∈ F ∗ and dn ∈ D ′}. If Z(SLn(D)) is a torsion group, then for
any d ∈ Z(D ′) = D ′ ∩ F we have dI ∈ Z(SLn(D)). It follows that d is periodic. Conversely, if Z(D ′) is
a torsion group, then, for any A ∈ Z(SLn(D)), A = dI for some d ∈ F ∗ such that dn ∈ D ′ . It follows that
dn is periodic. Therefore, A is a torsion group. 
Before proving the next theorem, we need the following remark, which follows easily from [2,
p. 165].
Remark 1. Suppose that a division ring D contains at least four elements and R is a semisimple
subring of Mn(D) such that R∗ is a normal subgroup of GLn(D). Then R is either central or is equal
to Mn(D).
Theorem 5 in [9] proves that if M is a maximal subgroup in GLn(D), n 1, that is radical over the
center F of D , where D is a centrally ﬁnite division ring, then M is abelian-by-ﬁnite. The following
theorem shows that such a subgroup does not exist in GLn(D), provided n 2 and D is weakly locally
ﬁnite. Furthermore, the case n = 1 is also considered.
Theorem 2.7. Let D be a non-commutative, weakly locally ﬁnite division ring with center F , n  2. Then
GLn(D) contains no maximal subgroups that are radical over F .
Proof. Suppose that M is a maximal subgroup of GLn(D) that is radical over F . By Lemma 2.3, we may
assume that M is not nilpotent. By [1, Lemma 2], either F ∗  M or SLn(D) M . If SLn(D) M , then
SLn(D) is radical over F . Thus, by [8, Corollary 2], D = F , which is a contradiction. Hence, F ∗  M .
Let G = SLn(D) ∩ M . For each x ∈ G , there exists a positive integer n(x) such that xn(x) ∈ F . It
follows that xn(x) ∈ SLn(D) ∩ F = Z(SLn(D)). By Lemmas 2.1 and 2.6, Z(SLn(D)) is a torsion group, so
x is periodic. Therefore, G is a torsion group. Since M ′  G , M ′ is also a torsion group. Therefore,
using the same argument as that at the beginning of the proof of Lemma 2.5, we can conclude that
M ′ is a locally ﬁnite group. In view of [1, Corollary 1], either M is irreducible or it contains a copy
of D∗ . If the second case occurs, then D is radical over F and by Kaplansky’s theorem [7], D = F ,
which is a contradiction. Thus, M is irreducible. Hence, by [12, 1.1.15, p. 9], F [M ′] is semiprime ring.
Moreover, since M ′ is locally ﬁnite, F [M ′] is locally Artinian. Therefore, by [12, 1.1.9, p. 5 and 1.2.6a,
p. 11], F [M ′] is semisimple Artinian. Obviously, M  NGLn(D)(F [M ′]∗). Thus, from the maximality of
M in GLn(D), it follows that either NGLn(D)(F [M ′]∗) = GLn(D) or NGLn(D)(F [M ′]∗) = M . Since M ′ is
non-abelian, by Lemma 2.5, F [M ′]∗  M . Hence, the second case does not occur and thus F [M ′]∗ is
a normal subgroup of GLn(D). Since M ′ is non-abelian, in view of Remark 1, we have F [M ′] = Mn(D).
Case 1. Char F = 0.
By [12, 2.5.5, p. 74], M ′ contains a metabelian normal subgroup A of ﬁnite index. Therefore,
A is nilpotent and locally ﬁnite. By [12, 2.5.2, p. 73], A contains an abelian normal subgroup N
of ﬁnite index. Hence, N is an abelian subgroup of ﬁnite index of M ′ . By Poincare’s theorem [13,
13.2.2, p. 83], N contains a normal subgroup B of M ′ of ﬁnite index. Suppose that m := [M ′ : B] and
G = 〈xm | x ∈ M ′〉. Then G  B and G is a normal subgroup of M . It follows that M  NGLn(D)(F [G]∗).
Hence, either NGLn(D)(F [G]∗) = GLn(D) or NGLn(D)(F [G]∗) = M . If NGLn(D)(F [G]∗) = GLn(D), then
in view of Remark 1, we have F [G] = Mn(D), which is impossible since G is abelian. Therefore,
NGLn(D)(F [G]∗) = M and, in particular, F [G]∗  M . By Lemma 2.5, G  F ∗ . By [12, 2.5.1, p. 73], B may
be viewed as a subgroup of GLn(C). Recall that B  M ′ . Thus, for any x ∈ B , we have det(x) = 1
and xm ∈ G ⊆ F . Viewing x as an element from GLn(C), we obtain 1 = det(xm) = xmn . By Burnside’s
ﬁrst theorem [7, 9.4, p. 151], B is ﬁnite and consequently M ′ is ﬁnite. Therefore, F [M ′] (= Mn(D)) is
a ﬁnite dimensional vector space over F . Consequently, [D : F ] < ∞. By [9, Theorem 5], there exists
a ﬁnite family {Ki}r1 of ﬁelds properly containing F with K ∗i ⊆ M such that A = K ∗1 × · · · × K ∗r is an
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view of [7, 15.13, p. 258].
Case 2. Char F = p > 0.
Recall that F [M ′] = Mn(D) and M ′ is locally ﬁnite. Therefore, by [12, 1.1.14, p. 9], Fp[M ′] is a simple
Artinian ring.
Subcase 2.1. Fp[M ′]∗  M .
Since M is maximal in GLn(D) and M normalizes Fp[M ′]∗ , it follows that Fp[M ′]∗ is normal in
GLn(D). Note that M ′ is non-abelian; thus, in view of Remark 1, we have Fp[M ′] = Mn(D). From this
equality we can conclude that D is algebraic over Fp since M ′ is locally ﬁnite. Hence, by Jacobson’s
theorem [7], D is commutative, which is a contradiction.
Subcase 2.2. Fp[M ′]∗  M .
Since Fp[M ′] is a simple Artinian ring, Fp[M ′] ∼= Mn1 (D1) for some positive integer n1 and some
division ring D1. It follows that D1 is algebraic over Fp and consequently D1 is a ﬁeld in view of
Jacobson’s theorem [7]. Therefore,
D1 = Z
(
Fp
[
M ′
])⊆ Z(F [M ′])= Z(Mn(D)
)= F .
We claim that [D : F ] < ∞. In fact, for any x ∈ Mn(D) we have x = f1m1 + · · · + fkmk for some
f i ∈ F and mi ∈ M ′ . Viewing mi as matrices from Mn1 (D1) and bearing in mind that D1 ⊆ F ,
we can see that x ∈ Mn1 (F ). Therefore, Mn(D) ⊆ Mn1 (F ). It is obvious that [D : F ] < ∞. Hence,
by [9, Theorem 5], there exists a ﬁnite family {Ki}r1 of ﬁelds properly containing F with K ∗i ⊆ M ,
1  i  r, such that M/A is ﬁnite, where A = K ∗1 × · · · × K ∗r . Therefore, by Poincare’s theorem [13],
there exists a normal subgroup B of M such that B  A  M and M/B is ﬁnite. Let H denote a max-
imal abelian normal subgroup of M containing B (note that such a subgroup exists since B is an
abelian normal subgroup of ﬁnite index in M). Clearly, H = CM(H) = F [H]∗ . Hence, by [12, 1.1.15,
p. 9], F [H] is a semiprime ring. Moreover, since D is centrally ﬁnite, it follows that F [H] is Artinian.
Therefore, by [12, 1.1.9, p. 5 and 1.2.6a, p.11], F [H] is semisimple Artinian. In view of Jacobson’s the-
orem [7], F ∗ is a non-torsion group. By Lemma 2.4, L := F [H] is a ﬁeld. Since L is radical over F , by
[7, 15.13, p. 258], either L is purely inseparable over F or L is algebraic over the prime subﬁeld Fp . If
the second case occurs, then it follows that D is algebraic over Fp ; consequently, D is a ﬁeld in view
of Jacobson’s theorem, which is a contradiction. Hence, L is purely inseparable over F .
Suppose that H = M and take x ∈ M \ H . Recall that H = CM(H), so there exists y ∈ H such
that xy = yx. Consider the mapping ϕ : L → L given by ϕ(a) = x−1ax for any a ∈ L. Then ϕ is
an F -automorphism of L. Since L/F is a purely inseparable extension, by [11, Lemma 4.17, p. 45],
Gal(L/F ) = {IdL}. Therefore, ϕ(a) = a for all a ∈ L. In particular, y = ϕ(y) = x−1 yx, which is a contra-
diction. Hence, M = H , so M is abelian and this is again a contradiction. This completes the proof. 
Now we are ready to obtain the following important theorem in this section which strongly gener-
alizes Theorem 5 of [9] and Theorem 6 of [10], where the same problem was considered for centrally
ﬁnite division rings.
Theorem 2.8. Let D be a non-commutative, weakly locally ﬁnite division ring with center F and suppose that
M is a maximal subgroup of GLn(D), n 1. If M is radical over F , then:
i) n = 1,
ii) Char D = p > 0,
iii) [D : F ] = p2 ,
iv) F ∗ ⊆ M,
v) K := M ∪ {0} is a maximal subﬁeld of D, and
vi) K/F is purely inseparable.
Proof. In view of Theorem 2.7, n = 1. By Theorem 2.2, [D : F ] < ∞. We can obtain the conclusions by
applying [10, Theorem 6]. 
48 T.T. Deo et al. / Journal of Algebra 365 (2012) 42–49Corollary 2.9. Let D be a weakly locally ﬁnite division ring. If GLn(D) contains a torsion maximal subgroup,
then D is a ﬁeld, Char D = p > 0, and D is algebraic over Fp .
Proof. Let F be the center of D and suppose that M is a torsion maximal subgroup of GLn(D). Then
M is radical over F ; hence by Theorem 2.8, [D : F ] < ∞.
Therefore, M may be viewed as a torsion subgroup of the linear group GLmn(F ). By [7, 9.9’, p. 154],
M is a locally ﬁnite group. The result now follows by applying [1, Theorem 9]. 
The following theorem strongly generalizes Theorem 5 of [9] and Theorem 11 of [1], where the
same results were obtained for a centrally ﬁnite division ring D and under the condition F ∗  M .
Theorem 2.10. Let D be a non-commutative division ring with center F and suppose that M is a maximal
subgroup of GLn(D), n 1. If M/M ∩ F ∗ is a locally ﬁnite group, then:
i) n = 1,
ii) Char D = p > 0,
iii) [D : F ] = p2 ,
iv) F ∗  M,
v) K := M ∪ {0} is a maximal subﬁeld of D, and
vi) K/F is purely inseparable.
Proof. Since MF ∗/F ∗ = M/M∩ F ∗,MF ∗/F ∗ is locally ﬁnite. Thus, for any ﬁnite subset {x1, x2, . . . , xm}
of M , the subgroup H := 〈x1F ∗, x2F ∗, . . . , xmF ∗〉 is ﬁnite. Suppose that H = {a1F ∗,a2F ∗, . . . ,ak F ∗} and
L = {a1 f1 + a2 f2 + · · · + ak fk: f i ∈ F }. Clearly, L is a ﬁnite dimensional vector space over F and L
contains all xi . Therefore, F [x1, x2, . . . , xm] is a ﬁnite dimensional vector space over F . Thus, F [M] is
a locally ﬁnite dimensional vector space over F . It follows that F [M] is a locally Artinian ring.
Since M is maximal in GLn(D), it follows that either F [M]∗ = M or F [M]∗ = GLn(D).
Case 1. F [M]∗ = M .
Recall that MF ∗/F ∗ is locally ﬁnite; thus, M is radical over F . By [1, Corollary 1], it follows that
either M is irreducible or M contains a copy of D∗ . In view of Kaplansky’s theorem [7], the second
case cannot occur. Thus, M is irreducible. Since F [M] is a locally Artinian ring, by [12, 1.1.14b, p. 9],
F [M] is simple Artinian. Therefore, F [M] ∼= Mn1 (D1) for some positive integer n1 and some division
ring D1. Since GLn1 (D1) = F [M]∗ = M and M is radical over F , it follows that D1 is radical over F
and consequently D1 is radical over its center Z(D1) (⊇ F ). Therefore, by Kaplansky’s theorem, D1 is
a ﬁeld.
Suppose that n1 > 1 and take an arbitrary element f from F ∗ . Then the diagonal matrix
diag( f ,1, . . . ,1) belonging to GLn1 (D1) = M is radical over F . It follows that f is periodic and conse-
quently F ∗ is a torsion group. Since M is radical over F , it follows that M is also a torsion group. By
[7, 9.9’, p. 154], M is locally ﬁnite. Thus, by [1, Theorem 9], D is commutative, which is a contradiction.
Hence, n1 = 1 and the conclusions of the theorem follow from Lemma 2.3.
Case 2. F [M]∗ = GLn(D).
In view of Remark 1, Mn(D) = F [M]. Since F [M] is a locally ﬁnite dimensional vector space over F ,
D is a locally ﬁnite division ring. The conclusions of the theorem follow from Theorem 2.8. 
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